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Local Regularization of the Restricted Elliptic
Three-Body Problem in Rotating Coordinates

Jean Albert Kechichian*
The Aerospace Corporation, El Segundo, California 90245-4691

The singular differential equations of motion of the restricted elliptic three-body problem in the sun-Earth
L-centered rotating system are regularized to remove the singularity near the Earth center, thereby allowing the
use of unconstrained optimization software in solving, through an iterative scheme, general transfer problems,
including, for example, the transfer problem from a low circular parking orbit to any location in the vicinity of
L. The trajectory is integrated backward from an arbitrarily selected point in space, and the maneuver velocity
change components are searched to achieve certain target parameters at the closest approach to the Earth. Unlike
the restricted circular problem, where use is made of the Jacobi constant to reduce the order of the differential
system, the present restricted elliptic problem requires the additionof a differential equationfor the energy variable,
resulting in a system of ten first-order equations cast in terms of the well-known Levi-Civita-Kustaanheimo-Stiefel
regularized u variables. As an example of a transfer from the Earth to a halo orbit around L, it is shown that the
transfer solution obtained with the circular assumption fails to reach the desired halo-insertion location near L;
when the trajectory is calculated within the framework of the more accurate elliptic model, thereby justifying the
use of this latter model for higher-fidelity trajectory generation.

Introduction

HE control and use of libration-point satellites has benefited

from the considerable contribution of Farquhar,' who success-
fully made use of the theory of the restricted circular and elliptic
three-body problem thoroughly documented in Refs. 2-5. Another
important contributionin generating periodic halo orbits in the cir-
cular problem using analytic models is attributed to Richardson?
He provides first- and third-order approximationsto the crucial ini-
tial conditions that are later iterated on, in an exact sense, through
numerical integration, to design a desired closed periodic halo path.
These powerful methods are employed by Pernicka’ and Hiday,}?
who tackled the more accurateelliptic model in determining various
stationkeeping strategies and optimal transfers between libration-
point orbits.

The regularization method devised by Levi-Civita,
Kustaanheimo,'” and Kustaanheimo and Stiefel,'' and thoroughly
documented by Stiefel and Scheifele,'? has been put to effective
use by Howell and Breakwell'® to study certain limiting cases of
halo orbits. It was also used by Mains'* to generate transfer tra-
jectories from a low circular parking orbit around the Earth to the
halo orbit of choice within the assumption of the circular prob-
lem. These and other similar computational techniques are further
discussed" within the circular assumption and in terms of rotating
coordinatescentered at L |, with effectiveremoval of the singularity
at the Earth’s center. The circular problem, with the further restric-
tion of maneuvering only in the ecliptic plane at halo insertion, is
further analyzed'® to establish the existence of economical families
of transfer categories. The circular model is also used to determine
the particular locations on the halo orbit to target to, such that the
constrained insertion cost is further minimized. This present work
shows the derivations that lead to the generation of a suitable set of
first-order differential equations describing the three-dimensional
motion of a spacecraft subject to the gravitational attraction of the
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sun and the Earth, which revolve in elliptic orbits around their mov-
ing barycenter. The singularity at the Earth’s center is removed by
regularizing these restricted elliptic three-body equations using ro-
tating coordinates centered at the oscillating L, Lagrange point.
Computer codes are then written using unconstrained minimization
software, as are double-precisionintegrators with built-in interpo-
lators for exacting calculations. An example of a transfer from a
low Earth orbit to a particular point near L, is shown by iterating
on two components of the insertion-velocity change, fully satisfy-
ing the required boundary constraints. The full three-dimensional
searchexamplerequiresonly a minor modification of the codes. The
mathematics of the regularization equations are shown in detail in
the second section, and the mechanizationsthat produce the transfer
are shown in the section following.

General Discussion

Dynamic systems theory has been put to effective use in the past
decade to solve transfer problems from the Earth to the collinear
L, and L, libration points'”-!® of the sun—Earth system, as well as
the heteroclinic transfers'® between these equilibrium points, with
zero insertion cost in most cases. The stable and unstable invariant
manifolds associated with a three-dimensional halo orbit, or with
a planar Lyapunov orbit, asymptotically approach or depart from
these orbits with zero insertion or ejection cost, respectively. For
sufficiently large halo orbits, their invariant stable manifolds come
very close to the Earth, thereby providing a natural path to transfer
to these type of orbits with zero insertion cost.!”

Although the numerical procedureused in this paper, as well as in
Ref. 20, is based on backward integration starting at the halo fixed
point, coupled with a differential correction scheme, the solutions
obtained via the invariant manifolds also rely on backward integra-
tion and differential correction?’?* to converge on a desired transfer
that departs the Earth orbit from a given altitude.

The procedure that generates a stable manifold associated with
a given fixed point on a given halo orbit?> consists of selecting a
new initial state, obtained via a small displacement, from the fixed
point in the direction of the six-dimensional eigenvector associ-
ated with the stable eigenvalue of the monodromy matrix (the six-
dimensional state-transitionmatrix whose time span is equal to one
full period of the halo orbit). This state transition matrix corre-
sponds to the linearized variational system, which, for halo orbits in
the circular problem, has the real eigenvaluesi; > 1, A, = 1/A, and
A3 = A4 = 1 and the complex eigenvaluesAs = A}, where the asterisk
superscript indicates a complex conjugate. The stable eigenvector
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that approximateslocally the direction of the stable manifold corre-
spondsto A, < 1. The six-dimensionalstate vector of the fixed point
X" is, thus, displaced along the six-dimensionalstable eigenvector
YW to create the new initial state® X} = X" +dY"" in the im-
mediate vicinity of X, or the halo point. Here, d is of the order of
200 km (Ref. 23). XW is thenan approx1mat10n of the state X that
lies exactly on the stable manifold, with XW being located nearby.

Backward and forward numerical mtegratlon in time of the sys-
tem differential equations will produce the stable manifold thatis a
trajectory that may pass near the Earth. This procedureis called the
globalization of the manifold.

Once the eigenvector YOW‘ is known at a point at t =, on a halo
orbit, the eigenvectors corresponding to all other points are simply
obtained from the propagationusing the state transition matrix from
fo to the times #; of the other points® ¥V = ®(#, 7)Y} . A new
initial point displaced by d is calculated for each such point using
YW , and the corresponding manifold generated by backward inte-
gratlon of the system equations, creating the tubes'® on which the
trajectories twist and move.

After selecting several hundred points evenly spaced in time on
a given halo orbit, and generating the corresponding stable mani-
folds, a transfer trajectory that passes to within a small distance of
a required altitude target may be found. By the selection of such a
candidatetrajectoryand by the adjustmentofthe value of d, an exact
desired target altitude may be matched.?? In an alternate manner, a
differential correction scheme may be used by adjusting the veloci-
ties at Xg"‘ without modifying the position components or adjusting
d, as was done earlier, to match certain parameters at closest flyby
of the Earth, such as, for example, a desired altitude >

Finally, if the manifolds do not pass close to the Earth, the contin-
uation method is used, whereas intermediate altitudes between the
manifold closest approach altitude and the final desired altitude are
selected as new targets, and the solution from each case are used as
a starting guess for the generation of the nearby case until the final
problem is solved.?

It is, therefore, quite natural to couple the invariant manifold ap-
proach with a differential correction scheme involving backward
numerical integration of the system equations, such as the regular-
ized elliptic system centered at L, developed hereafter, especially
for trajectories to or from asymptotic orbits such as the halo or-
bits. However, the regularized system shown in this paper is not
restricted to these specific applications, but can also be used in the
general case?’ of three-dimensionalmotion and, for example, to find
transfer trajectories to distant retrograde orbits.2*%’

The linear stability analysis that leads to the construction of the
local manifolds that wrap around periodic orbits is based on the
circular three-body model because the halo orbits do not experience
closurein the elliptic problem, and they must be stationkeptat regu-
larintervals.Solutionsobtained throughinvariantmanifolds provide
a good initial guess, however, which is later iterated on with the use
of a high-fidelity dynamic model for actual flight-path design.

The regularizationof the elliptic problemis discussedin Ref. 2 for
the two-dimensional case by way of complex variables, instead of
the u variables of Kustaanheimo-Stiefel. Integrationerror estimates
after n Runge—Kautta steps of the singular and regularizedequations
for two-body motion in elliptic orbit®> show that the error growth is
about 30 times less with the regularized system for circular orbits
and more than 1000 times less for highly eccentric orbits (e =0.9).
It is for this reason that the integration of the regularized system is
much faster because of the larger steps selected by the integrator,
with the accuracy of the integration not being sensitive to e.

The numerical runs carried out later used a requested relative
accuracy in all solution components of 107!2. The minimization
algorithm UNCMIN,? designed for the unconstrained minimiza-
tion of a real-valued function F(x) of n variables denoted by x,
is used. Only the function itself must be provided by the user to
this algorithm, which is based on a general descent method and a
quasi-Newton scheme.?

Because of the robustness of the solutions and the minimization
algorithm, the differential equations of the transition matrix are not
developed for simultaneous integration with the system equations.
The 6 x 6 transition matrix ® (¢, ty) obeys D (¢, 1)) = A()P (¢, tp),

where A(f) emanates from the linearized state variationalequations,
Sx(t) = A(t)dx(t), withx standing for the six-dimensionalstate vec-
tor. A(t) involvesin the singularsystem the partial derivativesof the
pseudopotential U = £(i* + y?) 4 (1 — ) /d + 1/ r, with respect
to x,y, z, where p is the mass parameter derived hereafter, and
where are d and r are the distances from the spacecraftto the larger
and smaller bodies, respectively. The partials of U are singular in
the original nonregularized system, thereby affecting the accuracy
of the integration of ® near the Earth.

Finally, the addition of perturbations from a third massive body
such as the moon, or from solar pressure, requires furtheranalysisto
castthe dynamicsin regularized form to allow, for example, accurate
lunar flybys for trajectory shaping. One possible approach consists
of using several independentvariables, as in the case of the multiple
binary problem depicted in Ref. 23.

Locally Regularized Equations of Motion
of the Restricted Elliptic Three-Body Problem
in L,-Centered Rotating System

The barycentric equations of motion of the restricted elliptic
three-body problem in terms of the inertial coordinates &,, 7,, and
¢,, as well as the more convenient rotating coordinates &, 1, and
¢, are fully derived in Ref. 1, as well as in publications such as
Refs. 2-5. Figure 1 (Ref. 1) shows how the sun—Earth line P, P,
rotates around the ¢, axis, referred to the barycenter at O with
angular velocity 6, with the angle # measured from the inertial di-
rection &,. The spacecraft with infinitesimal mass m with respect
to the masses of the sun, m,, and the Earth, m,, is located at P,
and the variable sun—Earth distance is denoted by R. Following
the well-established nomenclature, m; =1 — @ and m, = p, with
n=m,/(m; +m,) and m,; +m, =1. The average sun-Earth dis-
tance is set to 1, with this distance representing the astronomical
unit (AU) a =1 AU = 1.495978714 x 10® km, such that the mean
angular velocity of the sun—Earth line, which also represents the
mean motion of the Earth n; = 1.990986606 x 10~7 rad/s, is also
set to the unit value. When M =ng(t — ) designates the mean
anomaly of the earth in its elliptic orbit of eccentricity e, with t = 7*
defining perigee, then R can be written in powers of the eccentricity’

R/a=1—ecy — %62(62/\4 - 1) - %e3(cw —Ccy), ..
and 6%, the true anomaly, as
0* =M +2esy + 2755y + (€7 /12) (1353 — 3s3), . ...

Here, s, and ¢y, stand for sin M and cos M, respectively,etc.
From 6 = w + 6*, where w is the argument of perigee, 6= 0* =
(d@*/dM)M with M =ny =1, such that 6 =1+ 2ecy, + 3 e Com

and'
6 =1+v=1+2ecos(t — %) + 2e?cos2(t — 7%, ...
R=1+p=1—ecos(t —1*) — (*/2)[cos2(t — %) — D]+ - -

The equations of motion in terms of the rotating coordinates x, y,
and z attached to the libration point at L; have been derived in
Ref. 1 using the Lagrangian formalism. They involve the quantities
60 =1+ v and 6 = v, which are explicit functions of time

F=2(14+v)y =1 =y)p+0y+ 1+ v)’[(1=y) (1 +p) +x]

—[a=w/r ]l =y +p) +x]

+ (/1) + p) = x1 = /(1 + p)? 1)
Vy==20+vIA—-y)p+x]—vld—y)dA+p)+x]

+A+ 02y = [A=w/r]y = (u/r)y @
i=-[a-w/r]=(u/r)- 3)
The varying distance between L; and the Earth is given by y, R, as
shown in Fig. 2, with y, = R, /a and R, = 1.497610042 x 10° km

beingthe L,—Earthdistanceinthe circularproblem. The distancesr
and r, are given by r; = {[(1 — y.)(1 + p) +x]* +y* +z*}!/> and



1066

Lt

,P1(€1,0,0)
/

KECHICHIAN

> Mo
€
Fig.1 Inertial and rotating axes.!
A A
y y
S/C
i7
=T
1-p / 2
"
Sun B Ly Earth X
1R
(1-pR-yR
uR (-wR
R
Fig.2 Lagrange point and barycenter geometry.
ry ={[y.(1+p) — x]*> + y* + z*}'/2, where x, y, and z are dimen- or, in nondimensional form,
sionless quantities, and the derivativesare with respect to the nondi- .
mensional time t” =ngt. The angle 0 is equal to zero when the 6 = (1_—6)2 4
gle 6. \ = - @)
two masses m; and m, are at their periapse and m, and m, orbit (1 —ecg)

their barycenterin similarly oriented ellipses having a common ec-
centricity, with the common period of mean motion equaling ng,
but with different semimajor axes given by a; =[m,/(m; +m;)]a
anda, =[m,/(m; + m;)]a. Innondimensionalform, R = (1 —ecg)
with e =0.0167217 also being the eccentricity of the orbit of m,,
the Earth, relative to m,, the sun.

The variable angular rate 6 is given by

no [Gon +moal — )]

é = e— =
a*(1 —ecp)?

because G, the universal gravitational constant, is also equal to the
unit value because ny was normalized to one. Here, % is the an-
gular momentum of the two orbiting massive bodies, and E stands
for the eccentric anomaly associated with the relative orbit of the
Earth. The quantities R, R, and 6 needed in Eqgs. (1-3) are obtained
from the orbit equation and Eq. (4) in nondimensional form. Thus,
R=dR/dt"=espE,0 = (d0/dE)E,and R = ecp E* + esp E, with
E=1/(1—ecg)and E = —esg E*/(1 — ecg) such that
esg

T U—ecp)

&)
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Equations(1-3) cannow be writtenin terms of the eccentricanomaly
E as

.20 —e)T - (ec —€?)  2esg(l —e?)?
ey T T ey T T —ey
(1 =) =y )1 —ecp) +x]
+
(1 —ecp)*
] —
- S 0 - pa - ee) + 1)
1
n n
+ E[VLU —ecp) —x] — T—e)y 8)
2 — et esg .
- (1 —ecp)? |:(1 — ) (1 —ecg) +x:|
2esp(1 — 62)17
W[(1 —y)(1 —ecg) + x]
(1—-¢?) A-w u
(I —ecp)*” r I Ey ©)
_ d-w_ n_
e e (10)
where
n={ld -y —ecp) +xP+y*+22}7 D
r={ly(l —ece) — x* +y* + 22} (12)

These equations can be castin a form where the derivativesare with
respect to the physical time ¢ by using dx/dt” = (1/ng)(dx/d?),
d?x/dr? = (1/n%)(d*x /de?), etc.,

. dx .
= m =2ngby — (1 —yL)cn2E +dn2Ey+b2[(1 —YL)8 +x]n2E
(1I—p) 2 1% 2 [
— T =g AW+ (g —ong — o (13)
1 2

¥ = —=2b[(1 — yp)kn} +npx] —d[(1 — y.)g + xIn},
(I=w , Iz

+b2n2Ey— S nEy——znZEy (14)
r; r;
(1= Iz
z=——,;n2Ez——,;n2Ez (15)
r r

1
where x, y, and z are still dimensionless quantities, and the various
coefficients appearing in the preceding differential equations are
given as

2

g A=)t _ (e =€)
T T (1 —ecp)?’ T (1 —ecp)?
.. 2esp(l — e?)3
d=9=—ﬁ g=R=(]—ECE)
- E
szzes—E
(1 —ecp)

The circular restricted three-body equations of motion referred to
the L, point'® are readily recovered from Egs. (13-15) by setting
e=0:

i=2ngy+ (1 —y)ni +nix — [(1 —M)/rf][(l —yL) +xn?,

+ (/) — xon — un’,

y=—2ngx +ynj — [(1 - ;L)/rf]nZEy - (M/r;)any
o /e (o
with

n= {1 —J/L)+X]2+y2+22}%

n=[e-yr+y+=]*

The change of variable df =r, dt is now used as the first step in
regularizing the three differential equations (13-15) to remove the
singularity at r, =0, or, in practice, at closest approach to Earth’s
center. Becauser; /r3 isequivalenttor, - r,/ry, with the prime stand-
ing for differentiationwith respect to t, and by the use of X = x'/r»,
¥=—rjx'/r}4+1/r2x", etc., the following form is obtained:

X' =2ngpbryy + (¥ [r3) s 1) + (/) (g — ¥)nk
+r22{—(1 —y)end +dniy + b*[(1 — y.)g + xn’
—[a=w/rl = yg+x1 — /) (16)

with

r={-y.R+x]yz}", ry={[—y.R +x1y Y}

and where
_dR  dRdr" di
T dr " drr dr dr

! =kn5r2

ro = (—yL8 + x)(—yrkngrs + x') + yy +zZ/
Similarly,
V' = =2bnprox’ + (v /13) (2 - ¥y) = (u/rony
+r3{pindy — [ = w) [r]nky = 2b(1 — yo)kn?,
—d[(1 - y1)g +x1n%} (17)
= (z’/rg)(rZ 1)) — (u/r)nsz + r%{—[(] — ;L)/rf]néz}

(18)

When x*=x—y; R, then x¥=x"—y kngr, and x*' =x"—
y(en%r? + kngr}) because dR/dt” =k and d*R /dt"? =c, as de-
rived earlier. Here, x* is the value of x measured from the Earth’s
centerand notfrom L ;. When the nomenclatureusedin the literature
is followed and when

R =(x"y, 20", R =" y.Z,0
R*// — (X*H, y//’ Z”, O)T

Egs. (16-18) are transformed to the form involving the x*, y, and z
instead of the x, y, and z variables

x* = 2ngbryy + (x*’/r%) (ry - 1)) — (u/r)nix* +r2FF (19)
V' = =2bnprax” 4+ (¥ [r3) (2 1) = (/ra)ny + 13 (20)
7= (z’/rg) (ry-ry) — (//,/rZ)nZEz + rZZF;* 21

where the derivatives are with respect to t and where the forcing
functions are given by

Fi* = —cny +dnipy + b (g + x")nj,
~[a = w/r]e+xmk = /g 22)
Byt =gy = [(1 = w /ri]ngy —2bkni; —d(g +x")ny (23)

Fir=—[(1—w/r}]nkz (24)
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where x*, y, and z are, of course, still dimensionless. The restricted
circular three-body equations in terms of the L,-centered x, y, and
z variables are readily recovered by setting e =0 in Eqgs. (19-24),
which are otherwise written in terms of x*, y, and z:

X' =2ngryy + (X' [r3)(ry 1) + (/) (v — X)n,
+ri{d = yong +npx = [(1 = w /1]
X [(1 = yp) +xnk — uni )
V' = =2nprax’ 4 (v /r}) @2 1) = (u/r)myy
+ri{ynd = [ = 1w /r]nty}
= (z’/rf)(rZ 1) — (u/r)niz+ r22{—[(1 — ;L)/rf]néz}
where
ryory ==y —x)x' +yy +:zz
because in the circular case,
r=[(=y, +x).,y.21", ry=,y, )"
The forcing functions also reduce to the form in Ref. 15:
Fi = =yng +npx = [ = w/r]
x [(1 = y1) +xInf, — pn
Fy=ymy=[a=w/rlnty.  E=-[a-w/r]n}z
Equations (19-21) are equivalent to the vector differential equation
R = [(R*-R”)/(R*-R*)IR* + bny R*BR"
—n2uw(R*/R*) + R2F* (25)

where R* = |R*|, F** = (F["*, F}*, F}~, 0)7, and the matrix B is
given by

ozoo‘l
-2 0 0 0
B = |
0 0 0 O
ooooJ

When B=bn;B and ji = n% i, Eq. (25) can be written as

(26)
The second and third terms in the right-hand side of this equa-
tion represent Coriolis and Earth gravity accelerationterms, respec-
tively. The Kustaanheimo-Stiefel transformation (see Refs. 10-12)
R* = L(u)u is applied next, with

u —Uy; —Uj3 Uy —|

Uy u —Uy —Uj3
L(u) = |

us Uy u; U

Ug —Us ] —MIJ

Equation (26) is transformed to the u language by using R* =u - u,
R¥ =2Lu)u', R* =R* /R*, and

- R* - R* LA 20 -uw)—jp 2L@u - L@u
) R+ (u-u) - R*2 R*

u' = %u + LT @) BL@u + @LT@)F** 27)

Unlike the restricted circular case, where the singularity in h at
R* =0 is easily removed by using a form for 2 written in terms of
the Jacobi constant C;, here & is now obtained through numerical

integration of an appropriate differential equation in nonsingular
form,

]Tl/ — (F**,R*/) — 2[”’, LT(u)F**], ]Tl/ — zu/TLT(u)F**

ok
u %) us Uy Fl
7 Hk
dh 7./ A —Uy U Uy  —Us F2
— = h' = 2@ujuyuiuy)
dt ; —Us —Uy U] Uy Fy*
Uy —Uz U, —U 0
(28)

In Eq. (28), the notation'?(x, y) = x”y for the scalar productis used.
Backward integration of the vector differential Eq. (27) is carried

out with respect to 7' = —t, such that Eq. (27) is equivalent to the
system of eight first-order differential equations

M/l =V (29)
uh = v, (30)
Mg = VU3 (31)
uy =, (32)

V) = (h/2)u; — Zb[(uf + u%)vz + (Uatt3 — uyy)vs

— (uyus + u2u4)v4] + %(uf +ul +ul+ uﬁ)

x (u Fi* + u Fi* + us Fy*) (33)
v, = (h/2)uy — Zb[—(uf —+ u%)vl + (Uauy + uiuz)vs

+ (uaus — wyug)vy] + +(u? 4+ ud + u? +u?)

x (s FY* + uy Ff* + uy Fy*) (34
vy = (h/2)us — 2b[(”1”4 — Usltz)vy — (U Uz + Upliy) Vs

+ (2 + ud)vg ] + 1 (u? + 2 + ud + u2)

x (—us F¥* — ug B + u, F}*) (35)
v, = (h/2)uy — Zb[(u2u4 + uuz)vy + (Uug — Ualt3)v,

— (2 + ud)vs] + (2 + w2 + ud + u2)

x (usFi* — us Ff* + uy Fy*) (36)

The prime in Egs. (29-36) stands for derivation with respect to
7/, and h is obtained from Eq. (28) without any change in sign
because di/dt’ has the same form as d//dt in Eq. (28), where the
prime stands for derivation with respect to z. The form of dh /dt’ is
identical to di/dt because du,/dr =u/, u;, u’;, and u},, which are
with respect to 7 in Eq. (28), will change to —du, /dt’, —u}, —uj,
and —u; in dh/dt’ in Eq. (37):

d}_l ! Kk Kk Kk ! Kk Kk
= = 2[u (i F* + un By + us ) + uh(—us FY* + u, F

+u4F3**) + u;(—u3Fl** —usF" + ulF;*)

+MQ4(M4F[H—M}F2**+M2F;*)] (37)
The physical time # is obtained from
dr
E = —(uf + u% + u§ + uﬁ) (38)

Thus, the system of 10 differentialequations, namely, Eqgs. (29-38),
is integrated simultaneously without any singularity at R* =0.

Except for the case where 4 is initialized at R* =0, the Earth’s
center, the system of 10 differential equations is then truly free of
any singularity, even during integration through R* =0.
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Numerical Results
_ Figure 3 shows the sun-centered Earth geometry with )2’(,, )A’(,, and
Z, inertial and 7,6, and h and x, y, and z rotating and attached,
respectively,to the Earth and to L,. The rotation from 7, 6, and & to
the ecliptic is given by

X,
e =
Z,
CeCoy —500CioSe ~CeS0e — SeCie Coe SQeSie r
506 Cos T CapCicSos —S06%e T CasCicCls —CaoSie 0
SieSs S Con Cig h
Ag Cq Gg r r
= B@ D@ H@ 0 = RQ@I'@()@ % (39)
Es Fp Kg h h

The ecliptic position and velocity components are obtained from
r=R+ p andv=R+ p’ with

/ ’ ’ ’ T s/ s /
p= (P;@ Py, 'Oz}) ; pP=p,twxp
and where

! ./ INT _
P = (x/ Vi Z/) s w = RQ@i@Q@wR

as in Eq. (4), due to the similarity of the various elliptic orbits as
discussed earlier. Also,

Py =Agx +Coy + GoZ/, p; = Bex' + Dgy' + Hg?Z'
Py = Egx' + Fgy' + Koz, R=R(Ag Bg Eg)'
with R = (1 — ecg) in nondimensional form such that

X.=RAg+p;, Y.=RBo+p,, Z.=REg+p)

X, = —[(1o + tte)/M[cag (565 + €5us) + Saq (Con + €Cus )i ]
+ (A + Col' + GoZ) — b (caysia 0, + Cig 0},

Y, = ~[(o + 10)/ W[5 (50 + €50s) = Cag (coy + ey )iy ]
+(Bod' + Doy’ + HoZ') — 0s (500 5ia 0, — Cia P} )

Zo = ~[(1o + o)/ h(cos + €Cus )si + (Eot' + F 3 + Ko

+ 6, (SQGB Sie p’y“ + Cag Sie ,0;(“) (40)

The first term in each of the X’(,, Y(,, and Z(, expressions repre-
sents the contribution from R with g and pe standing for the
gravity constant of the sun and the Earth and with pg + pg =1
and h=(1—e?"? due to the normalization. Here, h is the

— N3
wr=0 0 657, Oy = (1—6)22 angular momentum of the primaries and has the dimensional
(I —ecp) form /[G(m, + my)a(l — e*)], whereas (j1o + jig) has the form
A
A
Ze
Earth orbit
Sun >
A
6@ Ye
i@ Ecliptic
Q@
A A
Xo A

Fig.3 Earth geometry in sun-centered system.
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G (m + m,) before its normalization. Finally,

. .

X Ag Cg Gg X' X' X —yLR
v|=1|Bs Do Hy||V]. vl = ¥y
2, Ey Fy Kg z z 5

(41

The relative yelocity components x;, y;, and z, are obseryed in
the 7, 6, and h frame, but measured along the ecliptic axes X., Y.,
and Z,. Also, x" and x differ by the quantity y, R, which is vari-
able as a function of the eccentric anomaly E because R =espE
with E=1/(1 —ecg). Also,x' =x —y, R, y' =y, and z’ = z, such
that the spacecraft position and velocity components X, Y., and Z,
and X, Y/, and Z| in the inertial Earth-centered ecliptic system,
whose axes X/, Y/, and Z, are parallel to X,, Y,, and Z,, are now
given by Egs. (40), without the first term in each of these equations,
or, in practice, without the R and R contributing terms. The state

vector is rotated to the equatorial Earth-centered system X, Yeq,
and Z.4, using
(Xeq qu Zeq)T =7 (Xé Y(,/ Z:)T (42)
Xeq Yo Z)' =T7'(X, ¥ Z)T 43)
where
1 0 0
T=10 ¢ =
0 —s, c

and where ¢ is the obliquity of the ecliptic. Finally, the components
x',y',Z,%',y, and 7 are readily obtained from

% As B Eg\ (X
V]=1|C Do Fe ¥, (44)
' G@ H@ K@ Zc/’

|

SRS
Il

.

—Hgp;, +Kep; -|

Ag Bs Eg X,
Ce, Dg Fy Y. | +6s| Gory — Kery, ‘
Gy, Hy K VA , ,

@ @ ® ¢ _G@P);E + H@P;(E J

(45)

@y z & ¥ D =y Ry (46)
When t. stands for a reference time when the primaries are at
their respective perigees, with (M), , =0, and a transfer time 7,
is guessed, as well as the velocity changes at 7, on a given halo
orbit, at a given location on that orbit, the mean anomaly of the
sun at ty, is evaluated from (Mo);,, = (Mo) 1y — NE (te — 11,), TOl-
lowed by the eccentric anomaly (E),, obtained from the Kepler
equation M = E — esg, and, thereby, the true anomaly (63)7, from
tan(6*/2) =[(1 +€)/(1 — €)]'/? tan(E /2). The angular positions of
the sun and the Earth at 7, are obtained from (00):,, = (05):,, + wo
and (8g),, = (6);,, + 7, such that (63),, =(0s);, — we. Here,
we and wg are the arguments of perigee of the orbits of the sun and
the Earth, respectively. They are selected as 7 and O in the following
calculations. The eccentricanomaly of the Earth (Eg),,, is obtained
from

—1
tan [S<E@),,H /C<E@),,n]
using the well-known relationships

(1—e)is,

1+ ecy~

e+ Cyp+
cp = ——— Sp =
1+ecys’

The rates
(1—e)?

(I —ece),, )

CS(Ea),

R),, = . O, =

1 —eceg),,

are also evaluated at the guessed time 74, , and, by the use of Qg =0
and ig =0 in our calculations for the Eulerian angles of the Earth’s
orbit, the elements Ag, .. ., Kg of the rotation matrix are computed
att;,. With

(R)r, =1 —ece),,
with e =0.0167217 throughout,

x/=xo_yL(R)t/Hv y/=yov Z/=y0

the components of p’, are computed from the given L;-centered
initial position components x,, y,, and z, on the given halo orbit of
interest, as well as

., . ., .
y =y()7 z =Z()

X' = ).C(, - J/L(R)I/H )

from its L,-centered velocity components. The quantities X/, Y/,
and Z, and X/, Y/, and Z, are now readily evaluated from the
knowledge of ,o;(‘), ,o’?‘), and ,0’2‘) and x7, y} and Z} in Eq. (41), such
that the equatorial quantities X, ..., Z, in Egs. (42) and (43)
are also evaluated using & =i; =23.440 deg. Thus, a set of Earth-
centered osculating orbital elements can also be produced. The val-
ues of x,, Y., Zo, X,, Yo, and z, are set as x, y, z, x, y, and z, from
which the correspondingvalues of uy, u,, u3, uy, ), u), uy, and ),
as well as £, are initialized before the integration. Thus,

x*=x—y.(R),, i =i—y.(R),

= (x*z _’_yz_’_zz)%

If x*>0, then uy=(3x")"?, u; is computed from u?+uj=
1(r+x*),and
yuy + zuy
= ——) M-; =
r—+x* : r+x*

ZUp — YUy
U —

If x* <0, then u3 = (—$x*)"/2, after which u, is computed from
ul +ui= %(r —x*), and, finally,
YU+ zZus ZUy — YlUj

u, =

uy
r—x* r—x*

Also, the velocities are obtained from

u’lz—%(ulfc*-i—uzy-l—ugé), ué:—%(—uﬂc*-i—uly-i—un)
ué:—%(—uﬂc*—uu-i—ulé), ugz—%(upc*—ugy-i—uﬁ)
and & from
e 2 -u') — i
(w-u

where u -u = R*. As 7’ increases, starting from v’ = 0, the physical
time ¢ decreases from its initialized guessed value at 7,

Mg(t) = (Mg),, — ng(t;, — 1)

isevaluatedateacht, (Eg), is evaluatedfrom Kepler’s equationsuch
that (63), and (6g), are also computed for the current calculation
of

€S(Eq),

(R), =
[1 - ec(Ee;)r]

(R, =1~ €C(Eg), s

(1-e)?
[1- ec(E@),]Z

The valuesof Ag, ..., Kg, X' =x —y,(R),,y',and ’; ,0;( ,,o;,and
s &'=i—y(R), ¥, and #; ¥}, ¥}, and Z}; X,, Y, and ZJ;

e’

Os) =

P,
and X/, Y/, and Z, are then evaluated during each integration step
as the system of 10 differential equations are integrated, such that

the equatorial components X, .. ., Z, that lead to the evaluation
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Fig. 4 Backward path of halo orbit integrated by using elliptic equations.

800 I
600

400

200

Vircular Model

y, km (thousands)

—200

-400

—600

X Elliptic Model

-800
-0.2

\
g

0.4

0.6

0.8 1.6

x, km (millions)

Fig. 5 Transfer trajectories’ x-y traces in the circular and elliptic problems.

of the equivalentset of Earth-centered osculating orbit elements are
also computed. The integrationis stopped on the r - v =0 condition,
and the achieved values of r, the radius of closest approach to the
Earth, as well as the argument of perigee w, are then slowly driven
to their target values of r and wy by searching on the Ax and Ay
components at the starting point. The value of 7, is also adjusted
until the backward integration also ends at or near time zero. The
coefficients b, ¢, d, and k, which are functions of (Eg),, and which
are needed in the differential equations that are being integrated,
as well as in the components of the forcing function F**, are up-
dated at each integration step after updating (R),, (R),, as well as
x=x*+y,(R),, fromx* = u? —u? — u? + u? in terms of the u vari-
ables,and y =2u uy — 2uzuy and z =2uu3 + 2u,uy. The example
thatfollows usestheinitial conditionsx = —1.713125475 x 10° km,
y=2.476726461x 10* km, z=1.418553080x 10° km, x=
4.538772391 x 10~ km/s, y=2.672159950x 10~' km/s, and
z=—1.667431943 x 1073 km/s, which correspond to the 90-day
point on an L,-centered halo orbit computed within the as-
sumption of the restricted circular problem. By the use of
1 =23.040357143x 107% and y; =1.0011 x 1072 throughout, as
well as t,.; = 9.977358094 x 10% s, these initial conditionsare traced

backward with e =0 and 0.0167217, respectively. Figure 4 shows
that the halo orbit closes into itself in the first instance and skips out
of its periodic path in the second or in the elliptic assumption. A
searchis carried out next, to match an altitude 2, of 185 km at clos-
est approach to the Earth, as well as an wy =170 deg using a guess
for Ax= —2m/s, Ay= —2m/s, and t;, =0.17 x 10® s. A fea-
sible solution converging on h,, =184.964 km, w = 172.887 deg,
with AXx =6.140394 m/s and Ay =22.56431 m/s is found that re-
quires a transfer time of 201.459874750 days. The insertion AV
of 23.384 m/s is higher than for the circular solution of Ref. 16,
which required Ax =5.952283 m/s and Ay = 18.634630 m/s, or a
AV of 19.562 m/s and a shorter transfer time of 198.524198 days.
Figure 5 shows the x—y trace of this transfer trajectory, as well as
the trace of the transfer obtained with e =0, that is, the circular
problem depicted in Ref. 16 that also integrates backward from the
same L-relative initial conditions.

Conclusions
A set of regularized differential equations that describes the ex-
act motion of a spacecraft flying in three-dimensionalspace, in the
gravitational field of a binary system where the two primaries are
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in their respective elliptic orbits, is derived. The method of back-
ward integration is used to integrate the nonsingular state vector
cast in the u language, starting from the halo orbit or from any
other selected point in space to the vicinity of the Earth. The initial
conditions are searched until the target parameters of choice near
the Earth are fully achieved. The use of this set of regularized vari-
ables bypasses the need to consider constrained optimization soft-
ware that are more difficult to manipulate than their simpler uncon-
strained versions, resulting in effective robustness in quickly gen-
erating a desired transfer path from the Earth to any selected point
in space. It is also shown that the elliptic model used here provides
accurate results, which are quite impossible with the circularmodel
solution.

The present regularized system of equations can be used in con-
junction with the invariant manifold approach for trajectory gener-
ation to and from periodic orbits or their nearby orbits, especially
when transferring from the Earth or when the flight path makes re-
peated close passes to the Earth. It can also be used to globalize
the stable manifolds more accurately, as it can for the system model
in differential correction schemes used to solve general two-point
boundary-value problems by way of continuation methods.

Acknowledgment

This work was supportedby the U.S. Air Force Space and Missile
Systems Center under Contract F04701-93-C-0094.

References

‘Farquhar, R. W., “The Control and Use of Libration-Point Satellites,”
NASA TR R-346, 1970.

2Szebehely, V., Theory of Orbits, Academic Press, New York, 1967,
pp. 587-602.

3Moulton, E R., An Introduction to Celestial Mechanics, 2nd rev. ed.,
Dover, New York, 1970, pp. 277-319.

4Plummer, H. C., An Introductory Treatise on Dynamical Astronomy,
Dover, New York, 1960, pp. 236-252.

SBrouwer, D., and Clemence, G. M., Methods of Celestial Mechanics,
Academic Press, New York, 1961, pp. 253-272.

Richardson, D. L., “Analytic Construction of Periodic Orbits About
the Colinear Points,” Celestial Mechanics, Vol. 22, 1980, pp. 241-
253.

TPernicka, H. J., “The Numerical Determination of Nominal Libration
Point Trajectories and Development of a Stationkeeping Strategy,” Ph.D.
Dissertation, School of Aeronautics and Astronautics, Purdue Univ., West
Lafayette, IN, May 1990.

8Hiday, L. A., “Optimal Transfers Between Libration-Point Orbits in
the Elliptic Restricted Three-Body Problem,” Ph.D. Dissertation, School
of Aeronautics and Astronautics, Purdue Univ., West Lafayette, IN,
July 1992.

9Levi-Civita, T., “Sur la Résolution Qualitative du Probléme Restreint des
Trois Corps,” Operemathematiche, Vol. 2, 1956, pp. 99-144.

10K ustaanheimo, P., “Spinor Regularization of the Kepler Motion,”
Annales Universitatis Turkuensis Series Al, Vol. 73, 1964, pp. 1-7.

Kustaanheimo, P., and Stiefel, E., “Perturbation Theory of Kepler
Motion Based on Spinor Regularization,” Journal fiir Mathematik, Vol. 218,
1965, pp. 204-219.

12Gtiefel, E. L., and Scheifele, G., Linear and Regular Celestial Mechan-
ics, Springer-Verlag, New York, 1971, pp. 18-33.

3Howell, K. C., and Breakwell, J. V., “Almost Rectilinear Halo Orbits,”
Celestial Mechanics, Vol. 32,1984, pp. 24-52.

4Mains, D. L., “Transfer Trajectories from Earth Parking Orbits to L
Halo Orbits,” M.S. Thesis, School of Aeronautics and Astronautics, Purdue
Univ., West Lafayette, IN, May 1993.

I5Kechichian, J. A., “The Efficient Computation of Transfer Trajectories
Between Earth Orbit and L Halo Orbit Within the Framework of the Sun—
Earth Restricted Circular Three Body Problem,” American Astronautical
Society, Paper AAS-00-174, Jan. 2000.

16Kechichian, J. A., “Transfer Trajectories from Low Earth Orbit to a
Large L-Centered Class I Halo Orbit in the Sun—Earth Circular Problem,”
American Astronautical Society, Paper AAS 00-252, March 2000.

"Howell, K. C., Barden, B. T., and Lo, M. W., “Application of Dynamical
Systems Theory to Trajectory Design for a Libration Point Mission,” Journal
of the Astronautical Sciences, Vol. 45, No. 2, 1997, pp. 161-178.

ISKoon, W. S.,Lo, M. W., Masdemont, J. E., and Ross, S. D., “Shoot the
Moon,” American Astronautical Society, Paper AAS 00-166, Jan. 2000.

19G6mez, G., and Masdemont, J., “Some Zero Cost Transfers Between
Libration Point Orbits,” American Astronautical Society, Paper AAS 00-177,
Jan. 2000.

20Howell, K. C., Mains, D. L., and Barden, B. T., “Transfer Trajectories
from Earth Parking Orbits to Sun—Earth Halo Orbits,” American Astronau-
tical Society, Paper AAS 94-160, Feb. 1994.

21Gémez, G., Llibre, J., Martinez, R., and Simé, C., “Dynamics and
Mission Design Near Libration Points, Vol. I, Fundamentals: The Case of
Collinear Libration Points,” Vol. 2, World Scientific Monograph Series in
Mathematics, World Scientific, Singapore, Republic of Singapore, 2001,
pp. 143-150.

22Barden, B. T,, “Using Stable Manifolds to Generate Transfers in the
Circular Restricted Problem of Three Bodies,” M.S. Thesis, School of Aero-
nautics and Astronautics, Purdue Univ., West Lafayette, IN, Dec. 1994.

23Bettis, D. G., and Szebehely, V., “Treatment of Close Approaches
in the Numerical Integration of the Gravitational Problem of N Bodies,”
Astrophysics and Space Science, Vol. 14,1971, pp. 133-150.

24Qcampo, C., “Trajectory Optimization for Distant Earth Satellites and
Satellite Constellations,” Ph.D. Dissertation, Dept. of Aerospace Engineer-
ing Sciences, Univ. of Colorado, Boulder, CO, 1996.

25Ocampo, C. A., and Rosborough, G. W., “Transfer Trajectories for
Distant Retrograde Orbiters of the Earth,” American Astronautical Society,
Paper AAS 93-180, Feb. 1993.

26Kahaner, D.,Moler, C., and Nash, S., Numerical Methods and Software,
Prentice—Hall, Englewood Cliffs, NJ, 1989, pp. 347-384.



